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I. I n t r o d u c t i o n  
The problem of i n j e c t i o n  i n t o  F.F.A.G. a c c e l e r a -  
t o r s  i n  t he  multi-Rev r - n g e  i s  g r e a t l y  s i m n l i f i e d  due t o  t h e  
e l i m i n a t i o n  of t h e  eddy c u r r e n t  problem and g r e a t  r e d u c t i o n  
of t h e  f i e l d  nroblem. Low energy i n j e c t i o n  t h e r e f o r e  on ly  
p r e s e n t s  a  problem from t h e  s t a n d p o i n t s  of a )  g a s  s c a t t e r -  
- 
i ng ,  b )  space charge r e p u l s i o n ,  and c )  r.f. range of f requency 
modulation.  We w i l l  t r e a t  a )  and b )  below, cons ider ing  t h e  
e n t i r e  problem of t h e  i n j e c t i o n  a p e r t u r e  of t h e  a c c e l e r a t o r .  
Be w i l l  concern o u r s e l v e s  p a r t i c u l a r l y  w i t h  tTo numerical  
des igns ,  a  Mark I b  10 Rev des ign  and a  Mark V 20 Eev des ign .  
11. Space Charge: 
L a s l e t t  ha8  t r e a t e d  space charge i n  t he  convention- 
a l  s t rong  focus ing  a c c e l e r a t o r .  He assunes  a  tube of beam 
of cons t an t  c r o s s  s e c t i o n  and uniform charge d e n s i t y  t o  aa lcu-  
l a t e  t h e  e f f e c t i v e  change i n  t h e  f o c u s i n g  f o r c e  of the  magnet 
g r a d i e n t s .  It h a s  been po in t ed  out  t h a t  t h e  e f f e c t  of space 
charge i s  t o  weaken t h e  focus ing  and s t r e n g t h e n  t h e  defocus ing  
e f f e c t s  bo th  r a d i a l l y  and v e r f i c a l l y ,  hence the  e f f e c t  can 
C 
n o t  be r ep re sen ted  on t h e  simple n e c k t i e  diagram. S p o n  h a s  
suggested t h a t  space charge might be compensated f o r  by 
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p a i r s  of programmed quadrupole l e n s e s  which e f f e c t i v e l y  
i n c r e a s e s  t h e  l e n s  s t r e n g t h s  t o  p re se rve  the  same 6 s .  
L a s l e t t ' s  exp res s ion  f o r  space charpe 1s 
Where Ro = t h e  machine r a i i u s  (cm 
c - -  - 3 x  1010 cm/sec 
(3 = V/C of t h e  i n j e c t e d  p a r t i c l e  
A = the  r a d i u s  of t h e  beam "tube' of char[;e. 
Isn/ = t he  a l lowable  change i n  n. 
,- * 
I n  t h e  s t rong  focuss ing  case ,  gA OC ^Jk- where 
k = nC f o r  e i t h e r  t h e  Mark V o r  t he  mark I i n  t h e  smooth 
approximation.  f i r s t  e s t i m a t e  would be t o  a s k  what 
change i n  k would move one e i g h t h  t h e  d i s t a n c e  between 
i n t e g r a l  r a d i a l  resonances .  If t h e  o p e r a t i n g  p o i n t  i s  midyay 
between an i n t e g r a l  and a  h a l f - i n t e g r a l  resonance,  t h i s  
corresponds t o  moving h a l f  t h e  remaining d i s t a n c e  t o  t h e  
c l o s e s t  resonance.  I n  t h e  above, zL i s  r e p l a c e d  d i r e c t l y  
by 2 k. For 5 Mev i n j e c t i o n  t h e  above can be r e w r i t t e n  a s  
3 A l e n s  analogy i n d i c a t e s  t h a t  t he  c ( o r  Y)s ) 
f o r  i n t e r s p e r s e d  l e n s e s  of d i f f e r e n t  s t r e n g t h s  r e s u l t  i n  an  
e f f e c t i v e  C ( o r  3 ) f o r  t h e  comblnatlon e q u a l  t o  t h e  sum 
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of the squares of the components cJ . 
In general, 6-= . If $, is the N 
mmher of hetstron wavelengths per revolution neglecting 
: 
?none charge, $ the number including space charge, 
and i 3r the effective from the defocussing 
effects of space charge, then 
Since 9,. is, for usual F.F.A.G. designs, about 
b q2 L)ox , shift toward vertical rescnances1:~ould probably 
be more severe by a factor of two than the shift toward 
radial resonance . We must evaluate z k  for a change 
k 
For s 1/8, this should in general be divided by two. 
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111. Space Charge-Numerical examples. 
10 Rev Mark Ib. 
R o = 104 
k = 200 
= 22 
A = 5.0 cm 
s k  = 200/8x22 = 1.1 
= 2 . 2 ~ 1 0 ~ ~ ~ 2 5 ~ 1 . 1 / 1 0 4 =  6 x 1 0  11 90 
protons per pulse. 
For a one turn injector, this would require a current, i 
- i = qo x 1.6 x 10-'9 x t = 6 x 10' x 1.6 x 10-19/2 x 10-5 z 
5 milliamperes. 
20 Bev Mark V 
- 
Ro - 5 x 103 cm 
d cm q, protons i (one turn) milliamperes 
1.0 8 x lolo 1.3 
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IV. Gas Scattering. 
~ammermesh4 has applied the gas scattering 
formulation of Courant and  lach had to the F.F.A.G. 
The probability of survival of a particle in a eiven 
acceleretor is P ( ) where the argument 7 7 is 
h tLe% N ea [ZL (&)-g, 7 = x 0 r J 
C is the circumference in centimeters 
A is the vertical semiaperture in centimeters 
Ti is the injection energy in Mev 
eV is the energy gain per turn of the particle in Mev. 
-5 p is the pressure in the vacuum chambe? in units of 10 
Hg of air or nitrogen. 
9 is the numher of' vertical betatron wavelengths pe; B 
revolution. 
For 5 Mev injection, 
-6- 
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The funct ion P ( ) i s  p lo t t ed  i n  Reference 5. If the  
beam has an i n i t i a l  amplitude, A, a s  from gas s ca t t e r i ng  
and the phase space from in jec ted  p a r t i c l e s ,  the argumenb, 
must be increased. From Reference 6. 
The aperture,  A, should probably be chosen l e s s  than 
the  t o t a l  v e r t i c a l  aper ture  due t o  r . m , s .  misalignments 
of the  magnets. I n  t h e  numerical examples considered, 
A i s  taken a s  about 2/3 the semiapertqre ava i lab le  physical ly.  
V. Gas Scat ter ing,  Numerical Examples. 
Mark I. 5.5, other  parame t e r a  a s  i n  111. 
A = 10 cm 
eV = 25 kev/turn 
Mark V = 6.7 other  parameters a s  i n  I11 
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V I .  I n j ec to r  
A 5 Mev e l e c t r o s t a t i c  generator can be expected' 
-3 t o  give an admittance of 0.5 x 10 cm-radians of in jec ted  
7 beam . The amplitude of o s c i l l a t i o n  r e su l t i ng  from such 
an admittance w i l l  be, where i s  the half-angle of 
divergence and a i s  the rad ius  of the i n j ec t ed  beam, 




m i n i m  A 
i n  Mark I R~ = 104 cm 
i n  Mark V Ro = 5 103 cm 
= 1.2 cm 
We conclude t ha t  values of A used i n  the space charge 
expressions a re  r e a l i s t i c .  
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1 1  @onclusions,  Numerical Results.  
Combining the e f f e c t s  of space charge and gas sca t t e r ing ,  one 
may a r r i v e  a t  a f i n a l  f i gu re  f o r  the  accepted per  pulse.  A s  
a  f i r s t  guess, 50% of the protons might be l o s t  due t o  R.F. phase 
acceptance, and 50% might be l o s t  i n  Mark V i n  cross ing the t r a n s i t i o n  
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Appendix: Justification of substituting &k in the F.F.A.G. 
I 
case for s n  in the case treated by Laslett. From reference 1, 
- 9 t.e ( I  -bL) 
, the space charge force. 
From the magnetic field of the accelerator 
F = 213e  v, = mev 6a 
Ru 7 
where 8 6sm& 7 
- R  dQ 
since /)i' R 32 z 4  6 ,  A R  8, # 
In the F.F.A.G. case, (e.g. Mark 1b)- 
n = -  f d W ,  R d 6  - =  R G  
B d R  C6 - d R  ci3 S R  
where 6 is the magnetic field averaged over one sector pair,, 
C is the circumference factor. 
So for X motion, % k in the F.F.A.G. case plays the role 
of 5 n in the y motion of a conventional machine. 
In Mark V, k is shown by the smooth approximation 
to uniquely determine rqdial focusing. 
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